In this paper, we report the narrow-band tunable add-drop filter (ADF) based on the hollow bottlelike microresonator with two taper fibers corresponding to the bus and drop waveguides. We theoretically and experimentally study the relationship between the drop efficiency and the coupling losses of the bus waveguide resonator and the add-drop waveguide resonator. The tuning range of the ADF of 270 GHz (∼2.2 nm) and the drop efficiency of approximately 76% have been realized. By such ultranarrow-band filter based on high Q microresonators, a laser beam with specified frequency is filtrated from the background laser with frequency interval of 86 MHz. This tunable ultranarrow-band ADF has potential for applications in the quantum optomechanical experiments and narrow-band quantum photon sources by filtrating the weak signals from pump and noise backgrounds.
Introduction
In the past decades, the whispering gallery mode resonators (WGMR) with high quality (Q) factors and relatively small mode volumes have attracted attention in various research fields, including the cavity quantum electrodynamics, ultra-low-threshold lasers, optomechanics, and sensing [1] - [8] . As a special kind of WGMR, the BLMRs have lots of unique advantages over other kinds of WGMRs, such as thin wall, hollow structure, good stress tunability and light propagating not only in the equatorial plane but also along the axial direction [9] , [10] . The unique features lead to many unique applications, ranging from optofluidic sensing, aerostatic pressure sensing to super free spectral range tunning, as well as the frequency microcomb generation at visible wavelengths with dispersion engineering [11] - [20] .
The add-drop filters (ADFs) based on high-Q WGMR have attracted lots of attention due to their ultra-narrow linewidth and high add-drop efficiency, which can be used as multiplexers, optical switchers, and laser wavelength selectors [21] - [26] . In addition, fiber integrated narrowband tunable filter is urgent for many optical applications for filtering the weak signal from strong backgrounds, such as the pump laser for the optomechanics and nonlinear optics experiments [6], [27] - [29] . Among various WGMRs, the fiber coupled BLMR cavity is a good candidate for the ADF. In Ref. [30] , the BLMR based ADF has been realized but the attention is focused on the high order optical modes and the response of the free spectral range (FSR) to the relative position of the excitation and probe fibers. However, the combination of the good strain tunability of BLMR with the ADF together has not been reported yet.
In our experiments, we put two tapered fibers on the high resolution 3D translation stages as the add-drop and bus waveguides to couple with the BLMR system and achieve the strain tuning of the BLMR. Because the air gap between the add-drop waveguide and the BLMR can be precisely controlled, we also experimentally and theoretically study the relationship between the coupling loss and the drop efficiency. The typical Q factor of 1.15 × 10 8 is achieved in such BLMR, corresponding to a linewidth of 1.68 MHz. The tuning range of 270 GHz (∼2.2 nm) and the drop efficiency around 76% have been realized. In such narrow-band ADF, two laser beams in the bus waveguide with frequency interval of 86 MHz have been separated into two output fibers, with the extinction ratio of 19 dB. Such separation of adjacent frequencies has potential applications for separating the pump and signal field in the optomechanical systems [29] , obtaining the single mode laser in the multimode laser, and filtrating the weak signals from pump and noise backgrounds in the narrowband quantum photon sources [31] - [33] .
Experimental Setup
For a BLMR, two close parts along the fused-silica glass capillary were heated by two counterpropagating CO 2 beams with appropriate laser power. More detailed description of the fabrication of the BLMRs has been reported in [17] . The BLMR with a diameter of 58 μm and the wall thickness of 13 μm is doubly clamped on the PZT stage with ultraviolet glue (NOA61), as illustrated in Fig. 1(a) . Two tapered fibers with typical diameters of approximately 2 μm served as the add-drop and bus waveguides were used to couple the laser into and out of the BLMR through the evanescent field in the equator plane, which is different from the work in [30] , [34] , [35] . These waveguides were fabricated by heating and adiabatically stretching a standard communication single-mode fiber above hydrogen flame. The two tapers coupled with BLMR is schematically shown in Fig. 1(b) . Ports 1 and 3 are the input port and add port, respectively. And ports 2 and 4 are the throughput port and drop port, respectively. The microresonator and the add-drop fiber taper were put on the high resolution 3D translation stages to control the coupling condition.
To characterize the performance of the ADF, a tunable diode laser in 1550 nm band was used in the experiments. A fiber polarization controller (FPC) was used to control the polarization to excite whispering gallery modes (WGMs) with selected polarization. A function generator provided a saw-tooth voltage for the laser' s piezo driver to scan the frequency of the laser. The output light signals from the BLMR were detected by two 125 MHz low noise photo-detectors (PD). Fig. 1(c) shows the typical transmission spectra of the ADF, corresponding to the signals from the throughput port (black) and the drop port (red). A voltage was applied to the piezoelectric transducer (PZT) stage to stretch the BLMRs and tune the optical mode frequency of the BLMRs. The whole system was placed in a clean chamber to reduce the interference of the contaminants and the perturbation of the air.
Drop Efficiency of the ADF
As schematically shown in Fig. 1(b) , the optical mode of BLMR with the intrinsic loss rate of κ 0 is coupled to the bus waveguide with the coupling loss rate of κ 1 and to the add-drop waveguide with the coupling loss κ 2 , respectively. The drop efficiency D 1→4 = | a 4 /a 1 | 2 is defined as the power ratio of the input at port 1 and output at port 4, where a 1 and a 4 are the input fields at the input port 1 and the drop field at the drop port 4, respectively. By the input-output relation [21] , the drop efficiency is given by
where = ω − ω c is the detuning between the laser frequency ω and the resonance frequency ω c of the resonator. Then at resonance = 0, the drop efficiency becomes
It is easy to find that the drop efficiency is determined by κ 1 and κ 2 , which can be precisely controlled by changing the coupling conditions, i.e. the position of the taper fibers [21] . We experimentally studied the relationship between the drop efficiency and the coupling losses, as shown in Fig. 2 . The measured intrinsic loss for the selected mode around 1551.2 nm is κ 0 /2π = 1.68 MHz, corresponding to the intrinsic Q factor of 1.15 × 10 8 . The coupling losses κ 1 and κ 2 were obtained via measuring the total loss κ = κ 0 + κ 1 + κ 2 with and without the coupling of the add-drop waveguide through the transmission spectrum, which has been reported in [21] . First, the coupling loss κ 1 of the bus waveguide-resonator was kept a constant value. By changing the air gap between the microresonator and add-drop waveguide, different drop efficiencies and different adddrop waveguide resonator coupling losses κ 2 could be measured through the transmissions. The black dots in Fig. 2 show the experiment results of the drop efficiencies corresponding to varying the coupling losses κ 2 with different κ 1 . The coupling conditions were changed from under-coupling regime (κ 1 < κ 0 ) to over-coupling regime (κ 1 > κ 0 ) for the microresonator and the bus waveguide.
We substituted the values of κ 0 , κ 1 and κ 2 into (2) and obtained the simulated results in Fig. 2 (red lines) , with different κ 1 /2π of 0.98 MHz, 1.80 MHz, 5.59 MHz and 9.13 MHz, respectively. It shows good agreement with the experimental results with small coupling losses. However, for great coupling losses, it is worth noting that the slight deviations between the experiment and theory results. In the theory, the waveguide and resonator coupling system is considered as an ideal single mode system. In fact, there are multimode coupling in the experiment when the waveguides are very close to the microresonator, corresponding to the deviation of the estimated κ 1 and κ 2 [36] , [37] .
Strain Tuning of the ADFs
To realize the tunable ADFs, a voltage was applied to the PZT to stretch the microresonator, which was similar to the strain tuning of the BLMRs reported in [17] . As shown in Fig. 1(a) , we increased the voltage at the PZT with step mode and detected the signals at throughput port and drop port by the DSO. As the PZT position was tuned from 0 to 45 μm, the drop frequency linearly increased as shown in Fig. 3 . The black squares show the frequency shift of the WGM. Because the unavoidable disturbance of the system, after each tuning step we must adjust the relative position of the BLMR and the waveguides to maintain the coupling condition. This can be solved by the packaged method with low refractive index ultraviolet glue [23] , [38] . The red triangles show the relatively stable drop efficiency, where the drop efficiency fluctuate in the range from 50% to 60%.
To demonstrate the ability of the ADF with narrow bandwidth, two laser beams with frequency interval of 86 MHz were sent to the input port and separated to the throughput port and drop port, as shown in Fig. 4 . These two laser beams with the same polarization from two tunable lasers at 1550 nm band were combined at the beam splitter (BS) and coupled to the input port. Fig. 4(a) shows the normalized spectrum of the two lasers at throughput port which was detected via a Scanning Fabry-Perot (FP) Interferometer (Thorlabs SA200), which shows a frequency interval of 86 MHz. Note that the spectra of the two lasers have a broad linewidth which is limited by the resolution of the FP interferometer. Then, we properly tuned the BLMR with changing the voltage at the PZT, and got the normalized transmission spectra at throughput port and drop port, as indicated in Fig. 4(b) and (c) . The experiment results show that the laser beams can be effectively filtered. The curves on the right side of Fig. 4 are slightly irregular, which might be the instability of the added tunable laser. And we find that the efficiency of the filter for the laser is about 72% and the extinction ratios of port 2 and port 4 are 9 dB and 19 dB, respectively. The ideal extinction ratios are calculated as 7.4 dB and 16.7 dB of port 2 and 4 through (1) and (2) with the parameters in Fig. 2(d) . The difference between the experimental and estimated results derives from the fluctuation of the coupling losses with small air gap, and especially from the limited noise level of detector at port 4.
V. Conclusion
In conclusion, we have experimentally demonstrated and characterized the tunable ADFs based on BLMR. We have studied the relationship between the drop efficiency D 1→4 and the coupling losses κ 1 and κ 2 . And the drop efficiency around 76% has been realized. In addition, the tuning range of 270 GHz and drop efficiency maintained from 50% to 60% have been demonstrated during the strain stretching by PZT. And this filter shows the capacity of filtering the two laser beams with frequency interval of 86 MHz with the extinction ratio of 9 dB and 19 dB for port 2 and port 4. In particular, the extinction ratio of port 4 can be improved by adjusting the coupling rates and cascading the tunable ADFs, which can be directly connected by fiber. The cascaded ADFs coupling systems can potentially filter the expected signal field with a narrow frequency interval of pump field in the optomechanical experiments [27] . In addition, the tunable ultra-narrow band filter is potential for dropping a chosen comb line of the polished CaF 2 or MgF 2 cavity [40] , providing closely spaced WDM channels and tunable optical non-reciprocity [29] , [41] .
